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Abstract
Among all simple 2-connected graphs, and among all θ-graphs, the graphs with the minimum
algebraic connectivity are completely determined, respectively.
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1 Introduction
Algebraic connectivity of a connected graph has been applied extensively to study the real world. It
plays an important role for studying the computer science and networks about the robustness, consensus,
propagation and so on [9, 13, 15, 16, 17]. Consequently, in spectral graph theory, the algebraic connec-
tivity has become an important pole, and a comprehensive researching of the algebraic connectivity of a
connected graph has been actively undertaken [1, 2, 5, 7, 8, 12].
Given a graph G with vertex set V (G) = {v0, v1, . . . , vn−1} and edge set E(G), the cardinality
‖V (G)‖ = n is always called the order of G. Throughout this paper, the graphs considered are connected,
undirected and simple (no loops and no multiple edges).
The Laplacian matrix of graph G is defined to be L(G) = D(G)−A(G), where A(G) is its adjacency
matrix, D(G) is the diagonal matrix of its degrees. Because L(G) = D(G) − A(G) is symmetric and
positive semidefinite, its eigenvalues can be assigned as µ1(G) ≥ µ2(G) ≥ · · · ≥ µn−1(G) ≥ µn(G) = 0.
The µn−1(G) is called algebraic connectivity of G. α(G) is always employed to denote the algebraic
connectivity µn−1(G). The eigenvectors corresponding to α(G) are always called Fiedler vectors. For a
graph G, note that all-1-vector J = (1, 1, . . ., 1)T is an eigenvector corresponding to µn(G). Hence, it
follows that for any 1 ≤ i ≤ n− 1, any eigenvector corresponding to µi(G) is orthogonal to J.
It is known from [1] that a graph G is connected if and only if α(G) > 0. Moreover, α(G) had been
proved to be a good lower bound for the vertex connectivity and edge connectivity of G. This make the
algebraic connectivity as a very useful parameter for researching the nice structural properties of a graph
or a network.
A lot of nice results about algebraic connectivity of a graph have been shown in [1]-[14] and the
references therein. In [8], the authors investigated the algebraic connectivity among all the Hamiltonian
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graphs of given order and determined the minimum algebraic connectivity. Recently, in [18], the authors
investigated the algebraic connectivity among all the connected graphs with given circumference (the
length of the longest cycle) and given order, and determined the minimum algebraic connectivity. With
the motivation to investigate the algebraic connectivity about the more general graphs, we consider the
2-connected graphs.
Now, we recall some notions and notations of a graph. In a graph, two paths P1 and P2 from vertex
u to v are called inner disjoint if V (P1) ∩ V (P2) = {u, v} (that is, no inner vertex in common). The
local connectivity between two distinct vertices u and v, denoted by p(u, v), is the maximum number of
pairwise inner disjoint paths from u to v. A nontrivial graph G is 2-connected if p(v1, v2) ≥ 2 for its any
two distinct vertices v1 and v2. A θ-graph is a 2-connected graph which consists of three pairwise inner
disjoint paths with common initial and terminal vertices.
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Given a graph G, let G + uv denote the graph obtained from G by adding a new edge uv /∈ E(G)
between two nonadjacent vertices u, v in G; let G − uv denote the graph obtained from G by deleting
an edge uv ∈ E(G); for a graph K with ‖E(K)‖ ≥ 2, V (K) ⊆ V (G) and E(K) * E(G), let G + K
denote the graph obtained from G with new edge set E(G+K) = E(G)∪E(K), where E(K)∩E(G) 6= ∅
possibly. Denote by Cn = v0v1v2 · · · vn−1v0 a cycle with n vertices. Let H1(i1, . . . , ik) = Cn + vi1vn−i1 +
· · · + vikvn−ik , where n ≥ 5 is odd, 1 ≤ k ≤
n−3
2 and 1 ≤ i1 ≤ · · · ≤ ik ≤
n−3
2 ; H1 = H1(1, 2, . . . ,
n−3
2 )
(see Fig. 1.1). Let H2(i1, . . . , ik) = Cn+ vi1vn−i1 + · · ·+ vikvn−ik , where n ≥ 4 is even, 1 ≤ k ≤
n−2
2 and
1 ≤ i1 ≤ · · · ≤ ik ≤
n−2
2 ; H2 = H2(1, 2, . . . ,
n−2
2 ) (see Fig. 1.1). Let H3(i1, . . . , ik) = Cn + vi1vn−i1−1 +
· · ·+ vikvn−ik−1, where n ≥ 6 is even, 1 ≤ k ≤
n−4
2 and 1 ≤ i1 ≤ · · · ≤ ik ≤
n−4
2 ; H3 = H3(1, 2, . . . ,
n−4
2 )
(see Fig. 1.1).
In this paper, for determining the minimum algebraic connectivity among all the simple 2-connected
graphs and among all θ-graphs, we get the following results:
Theorem 1.1 Let G be a 2-connected graph of order n. Then α(G) ≥ α(Cn). Moreover,
2
(i) if the order n is odd and the equality holds, then G ∼= Cn or G ∼= H1(i1, . . . , ik) for some i1, . . .,
ik;
(ii) if the order n is even and the equality holds, then G ∼= Cn, G ∼= H2(i1, . . . , ik) for some i1, . . .,
ik, or G ∼= H3(j1, . . . , js) for some j1, . . ., js.
Theorem 1.2 Let G be a θ-graph of order n ≥ 4. Then α(G) ≥ α(Cn). Moreover,
(i) if the order n is odd and the equality holds, then G ∼= H1(i) for some 1 ≤ i ≤ (n− 3)/2;
(ii) if the order n is even and the equality holds, then G ∼= H2(i) for some 1 ≤ i ≤
n−2
2 , or G
∼= H3(i)
for some 1 ≤ i ≤ n−42 .
2 Proof of main results
Lemma 2.1 [6] Let G be a connected graph with n vertices v0, v1, . . ., vn−1. Then
α(G) = min
(XT ,J)=0
∑
vivk∈E(G)
(x(vi)− x(vk))
2
∑
vj∈V (G)
x2(vj)
,
where X = (x(v0), x(v1), . . ., x(vn−1))
T is a vector in which x(vi) corresponds to vertex vi for 0 ≤ i ≤
n− 1, and where (XT ,J) is the usual inner product.
Lemma 2.2 [8] Let G be a Hamiltonian graph with n vertices. Then α(G) ≥ α(Cn). Moreover,
(i) if the order n is odd and the equality holds, then G ∼= Cn or G ∼= H1(i1, . . . , ik);
(ii) if the order n is even and the equality holds, then G ∼= Cn, G ∼= H2(i1, . . . , ik) for some i1, . . .,
ik, or G ∼= H3(j1, . . . , js) for some j1, . . ., js.
Proof of Theorem 1.1 Let V (G) = {v0, v1, . . . , vn−1}, X = (x(v0), x(v1), . . ., x(vn−1))T be a Fiedler
vector of G where x(vi) corresponds to vertex vi for 0 ≤ i ≤ n− 1, x(vτ ) = max{x(vi) | vi ∈ V (G)} and
x(v0) = min{x(vi) | vi ∈ V (G)}. It is known that x(v0) < x(vτ ) because X is orthogonal to J. Note
that G is 2-connected. we get that there are two inner disjoint paths P1 and P2 from v0 to vτ . Then
C = P1 ∪ P2 is a cycle. If ‖V (C)‖ = n, then G is a Hamiltonian graph, and then the results of Theorem
1.1 follows from Lemma 2.2 directly. Next, we suppose ‖V (C)‖ < n.
Suppose that P1 = v0vi1vi2 · · · visvτ . Here, for convenience, we let i0 = 0, is+1 = τ . Note that
x(v0) < x(vτ ). Then there is 0 ≤ w ≤ s that x(viw ) 6= x(viw+1). For this w, if x(viw ) < x(viw+1 ) and
va1 , va2 , . . ., vag are all the vertices in V (G) \ V (C) that x(viw ) < x(va1 ) ≤ x(va2 ) ≤ · · · ≤ x(vag ) ≤
x(viw+1 ), then we let path Pw,w+1 = viwva1va2 · · · vagviw+1 ; if x(viw ) > x(viw+1) and va1 , va2 , . . ., vag
are all the vertices in V (G) \ V (C) that x(viw+1) < x(va1) ≤ x(va2 ) ≤ · · · ≤ x(vag ) ≤ x(viw ), then
we let Pw,w+1 = viw+1va1va2 · · · vagviw . Here, g = 0 means that for any vertex v ∈ (V (G) \ V (C)),
neither x(viw ) < x(v) ≤ x(viw+1) holds, nor x(viw+1 ) < x(v) ≤ x(viw ) holds. Therefore, if g = 0,
then ‖V (Pw,w+1)‖ = 2, Pw,w+1 = viwviw+1 or Pw,w+1 = viw+1viw . Suppose for 1 ≤ ǫ ≤ d, Pwǫ,wǫ+1
are the paths that ‖V (Pwǫ,wǫ+1)‖ > 2, and V (G) \ V (C) = ∪
d
ǫ=1(V (Pwǫ,wǫ+1) \ {viwǫ , viwǫ+1}), where
0 ≤ w1 ≤ w2 ≤ · · · ≤ wd ≤ s, (V (Pwj ,wj+1) \ {viwj , viwj+1}) ∩ (V (Pwk,wk+1) \ {viwk , viwk+1}) = ∅ for
1 ≤ j 6= k ≤ d.
Let G
′
= G −
∑d
ǫ=1 viwǫ viwǫ+1 +
∑d
ǫ=1 Pwǫ,wǫ+1. Note that for any three real numbers h ≤ l ≤ q,
we have (q − h)2 ≥ (q − l)2 + (l − h)2. And from this, for h ≤ l1 ≤ l2 ≤ · · · ≤ lz ≤ q, we have
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(q − h)2 ≥ (q − lz)2 + (l1 − h)2 +
∑z−1
j=1(lj+1 − lj)
2 if z ≥ 1. Thus for 1 ≤ ǫ ≤ d, if x(viwǫ ) < x(viwǫ+1),
then for Pwǫ,wǫ+1 = viwǫ vǫ1vǫ2 · · · vǫg(ǫ)viwǫ+1 (where g(ǫ) ≥ 1), it follows that
(x(vǫ1 )− x(viwǫ ))
2 +
g(ǫ)−1∑
j=1
(x(vǫj+1 )− x(vǫj ))
2 + (x(viwǫ+1)− x(vǫg(ǫ) ))
2 ≤ (x(viwǫ+1)− x(viwǫ ))
2;
if x(viwǫ ) > x(viwǫ+1), then for Pwǫ,wǫ+1 = viwǫ+1vǫ1vǫ2 · · · vǫg(ǫ)viwǫ , it follows that
(x(vǫ1)− x(viwǫ+1))
2 +
g(ǫ)−1∑
j=1
(x(vǫj+1 )− x(vǫj ))
2 + (x(viwǫ )− x(vǫg(ǫ) ))
2 ≤ (x(viw )− x(viw+1 ))
2.
Consequently, it follows that XTL(G
′
)X ≤ XTL(C)X ≤ XTL(G)X . Then by Lemma 2.1, we get that
α(G
′
) ≤ X
TL(G
′
)X
XTX
≤ X
TL(G)X
XTX
= α(G).
Suppose α(G
′
) = α(G). Then α(G
′
) = X
TL(G
′
)X
XTX
= X
TL(G)X
XTX
= α(G). ThusX is also a Fiedler vector
of G
′
. Without loss of generality, suppose that Pwd,wd+1 = viwd vd1vd2 · · · vdg(d)viwd+1 where g(d) ≥ 1,
x(viwd+1) > x(viwd ). Note that
α(G
′
)x(viwd+1) = (L(G
′
)X)viwd+1
= (L(G)X)viwd+1
− x(viwd+1) + x(viwd )
= α(G)x(viwd+1)− x(viwd+1) + x(viwd ),
if vdg(d) is adjacent to viwd+1 in G (where (L(G
′
)X)viwd+1
is the element corresponds to vertex viwd+1 in
L(G
′
)X);
α(G
′
)x(viwd+1) = (L(G
′
)X)viwd+1
= (L(G)X)viwd+1
− x(vdg(d)) + x(viwd )
= α(G)x(viwd+1)− x(vdg(d)) + x(viwd )
if vdg(d) is not adjacent to viwd+1 in G. Note that x(viwd+1) > x(viwd ) and x(vdg(d)) > x(viwd ). Thus
it follows that α(G
′
) 6= α(G), which contradicts the supposition that α(G
′
) = α(G). Then we get that
α(G
′
) < α(G).
From the above discussion, combining Lemma 2.2, for the case that ‖V (C)‖ < n, we get that the
results in Theorem 1.1 hold. The proof is completed. ✷
Theorem 1.2 follows from Theorem 1.1 as a corollary.
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